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Abstract
We study the inflationary generation of helical magnetic fields from the Riemann coupling with
the electromagnetic field. Most models in the literature introduce non-minimal coupling to the
electromagnetic fields with a scalar field, hence, breaking the conformal invariance. In this work,
we show that non-minimal coupling to the Riemann tensor generates sufficient primordial helical
magnetic fields at all observable scales. We explicitly show that one of the helical states decay
while the other helical mode increases, leading to a net non-zero helicity. Our model has three key
features: (i) the helical power-spectrum has a slight red-tilt for slow-roll inflation consistent with
the observations and free from backreaction problem, (ii) the energy density of the helical fields
generated is at least one order of magnitude larger than the scalar-field coupled models, and (iii)
unlike the scalar field coupled models, the generated helical fields are insensitive to the reheating
dynamics.
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I. INTRODUCTION
Effective field theory (EFT) now forms a standard tool in early-Universe cosmology [1–4].
Effective field theories rely on the separation of the energy scales of interest for observations
and the underlying physics of the early Universe near the singularity [5–7]. In an effective
field theory approach, the usual requirement of renormalizability is too strong. Instead, it
demands that a finite number of parameters describe the physics up to effects suppressed by
(E/M)n where E is the energy of the particles corresponding to the quantum fields, and M
is the energy scale below which the effective field theory description is valid. As the value
of n increases, more parameters are required to describe the Physics using EFT.
Effective field theory description for gravity has shown that gravity and quantum me-
chanics can be compatible with the energies that have been experimentally probed [8]. EFT
has been successfully applied to inflationary cosmology, especially for the single scalar field
inflation model were the constants in the higher derivative terms of the effective Lagrangian
take values that are powers of M , with coefficients roughly of order unity [3, 4]. However,
these EFTs aim to obtain a generic prediction for density perturbations in a single-scalar
field inflationary models [4, 9]. Hence, the analyses can not be extended to other fields (like
electromagnetic fields) during inflation.
Recently, the general effective field theory of gravity coupled to the Standard Model
of particle physics was constructed [10]. The authors systematically showed that the first
gravity operators appear at mass dimension 6 in the series expansion, and these operators
only couple to the standard model Bosons. They also showed that (i) no new gravity
operators appear at mass dimension 7, (ii) in mass dimension 8 the standard model Fermions
appear, and (iii) coupling between the scalar (Higgs) field and the standard model gauge
Bosons appear only at mass dimension 8. (Note that these corrections do not include higher
derivative (Galileon) terms in the electromagnetic action [11, 12].)
In this work, we limit to mass dimension 6 operators coupling to the gauge field, specif-
ically, to the electromagnetic field. We concentrate on the coupling of the electromagnetic
field with the dual Riemann tensor R˜µνρσ(≡ µναβR ρσαβ /2). We show that such a term leads
to the generation of a helical magnetic field during inflation [13].
Magnetic fields have been observed at all scales in the Universe; however, there is no
compelling model of the origin of large scale magnetic fields. Observations from Faraday
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rotation and synchrotron radiation show the presence of micro-Gauss strength magnetic
fields in the galaxies and the clusters of galaxies [14–18].
While the magnetic field measurements from Faraday rotation and synchrotron radiation
provide upper bounds of the magnetic fields, the FERMI measurement of gamma-rays emit-
ted by blazars provides a lower bound of the order of 10−15 G in intergalactic voids [19].
However, inflation can not generate these large scale magnetic as the standard 4-D elec-
tromagnetic action is conformally invariant. To amplify the quantum fluctuations of the
electromagnetic fields in the early Universe, one needs to break the conformal invariance of
the action [16–18, 20, 21].
While mechanisms to generate non-helical fields were proposed four decades ago [20, 22,
23], the generation of helical fields is recent [13, 24, 25]. One of the interests in primordial
magnetic helicity is that it can be a direct indication of parity violation in the early Universe
and may be related to the matter-antimatter asymmetry in the early Universe [26]. Besides,
the conservation of helicity leads to an inverse cascade in the turbulent plasma era, that
can move power from small to large scales [24]. Hence, the decay rate of energy density
and coherence length is slower than the non-helical fields during these epochs. It has been
shown that helical magnetic fields will leave distinct signatures in CMB, such as TE- and
EB-cross-correlations [27, 28].
As mentioned above, there has been a lot of interest in generating a primordial helical
field in the early Universe [13, 24, 25, 29–32]. However, most models introduce non-minimal
coupling of the electromagnetic fields with a (pseudo-)scalar. While this leads to the breaking
of conformal invariance of the electromagnetic field, due to non-minimal coupling, extra
degrees of freedom are present at all energies. More importantly, these extra degrees of
freedom propagate even at the low-energy and can potentially lead to the strong coupling
problem [33]. It is possible to overcome the strong-coupling problem for a narrow range of
coupling functions [29].
In this work, to avoid the strong-coupling problem and restricted coupling functions,
we propose a model that couples the electromagnetic fields with the Riemann tensor. To
our knowledge, Riemann tensor coupling has not be discussed in the literature to generate
helical fields. The model has three key features: First, it does not require the coupling
of the electromagnetic field with the scalar field. Hence, there are no extra degrees of
freedom and will not lead to a strong-coupling problem. Second, the conformal invariance is
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broken due to the coupling to the Riemann tensor. Since the curvature is large in the early
Universe, the coupling term will introduce non-trivial corrections to the electromagnetic
action. However, at late-times, the new term will not contribute, and the theory is identical
to standard electrodynamics. The power-spectrum of the fields has slight red-tilt for slow-
roll inflation. Third, as we show explicitly, our model is free from backreaction for a range
of scale-factor during inflation. This is different from other models where a specific form of
coupling function is chosen to avoid any back-reaction [29].
In Sec. (II), we introduce the model and discuss its properties. We discuss the classical
properties and define the relevant quantities. We also briefly discuss the procedure to quan-
tize these fields in the FRW background. In Sec. (III), we explicitly evaluate the helical
magnetic field generation in our model and show that the power-spectrum is red-tilted. This
is different compared to the other models in the literature. We also show that the model
does not have a backreaction problem for a range of scale-factor. We discuss the implications
of the results in Sec. (IV).
In this work, we work use (+,−,−,−) signature for the 4-D space-time metric. Greek
alphabets denote the 4-dimensional space-time coordinates, and Latin alphabets denote the
3-dimensional spatial coordinates. A prime stands for a derivative with respect to conformal
time (η) and , i denotes a derivative w.r.t space components. We also work in Heaviside-
Lorentz units such that c = kB = 0 = µ0 = 1. The reduced Planck mass is denoted by
MP = (8piG)
−1/2.
II. THE MODEL
We consider the following action:
S = SGrav + Sφ + SEM + SCB (1)
where SGrav is the Einstein-Hilbert action
SGrav = −M
2
P
2
∫
d4x
√−g R , (2)
and Sφ is the action for the minimally coupled, self-interacting canonically scalar field:
Sφ =
∫
d4x
√−g
[
1
2
∂µφ∂
µφ− V (φ)
]
. (3)
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We assume that the scalar field (φ) dominates the energy density in the early Universe (dur-
ing inflation) and leads to 60 − 70 e-foldings of inflation with H ' 1014GeV. SEM, SCB refer
to the standard electromagnetic (EM) and conformal breaking part of the electromagnetic
terms, respectively, and given by:
SEM = −1
4
∫
d4x
√−g FµνF µν , (4)
SCB = − σ
M2
∫
d4x
√−g Rρσ αβFαβ F˜ ρσ = − σ
M2
∫
d4x
√−g R˜µναβFαβ Fµν , (5)
where Rρσ
αβ is the Riemann tensor and its dual is R˜µναβ = 1
2
µνρσRρσ
αβ, Aµ is the four-
vector potential of the electromagnetic field, Fµν = ∇µAν − ∇νAµ and F˜ ρσ = 12µνρσFµν is
the dual of Fµν . 
µνρσ = 1√−g η
µνρσ is fully antisymmetric tensor, ηµνρσ is Levi-Civita symbol
whose values are ±1 and we set η0123 = 1 = −η0123.
The standard electromagnetic action SEM is conformally invariant; however, the presence
of Riemann curvature in SCB breaks the conformal invariance. M is the energy scale, which
sets the scale for the breaking of conformal invariance. For our discussion below, we assume
that 10−3 ≤ (H/M) ≤ 1 [34–37]. Due to the Riemann tensor, in FRW background, M
appears as a time-dependent coupling. To see this, let us evaluate Riemann tensor for the
flat FRW background (8):
Rµν
σγ ∼ a
′2
a4
or
a′′
a3
Thus, the coupling function is time-dependent, i. e.,
1
Meff
∼ 1
M
a′
a2
. (6)
Before proceeding with the analysis, we want to highlight the following salient features of
this model compared to the earlier models that introduce non-minimal scalar field coupling
in action: First, our model does not require the coupling of the electromagnetic field with
the scalar field. Hence, there are no extra degrees of freedom and will not lead to a strong-
coupling problem. Second, the conformal invariance is broken due to the coupling to the
Riemann tensor. Since the curvature is significant in the early Universe, the coupling term
will introduce non-trivial corrections to the electromagnetic action. However, at late-times,
SCB will not contribute, and the model is identical to standard electrodynamics. Third, as
we show explicitly, our model is free from backreaction for a range of scale-factor during
inflation. This is different from other models where a specific form of coupling function is
chosen to avoid any back-reaction [29].
5
As mentioned earlier, we aim to generate the helical magnetic field during inflation.
Hence, the scalar field’s energy density dominates over the standard electromagnetic and
conformal breaking term in action (1). Since the single-scalar field inflation can not generate
vector perturbations, the magnetic field generated will be due to the conformal breaking term
SCB in action.
The variation of the action (1) with respect to gauge field Aµ leads to the following
equation:
∂µ
(√−g F µν + 1
M2
√−g αβρσRρσ µν Fαβ + 1
M2
√−g µνρσRρσ αβ Fαβ
)
= 0 (7)
As mentioned above, we will consider a flat Friedman universe described by the line-element:
ds2 = a2(η) (dη2 − δijdxidxj) (8)
where η is the conformal time. For ν = i, Eq. (7) reduces to:
∂0
(
−F0i − 2
M2
η0ijk
a′′
a3
Fjk
)
+ ∂l
(
Fli − 4
M2
η0ilj
a′′
a3
)
= 0 (9)
where we have substituted the following components of Riemann tensor:
Rij
kl =
a′2
a4
(
δli δ
k
j − δki δlj
)
, R0i
0j =
(
a′2
a4
− a
′′
a3
)
δji .
In the Coulomb gauge (A0 = 0, ∂iA
i = 0), and using η0ijl = ijl (where ijl is the Levi-Civita
symbol in 3D Euclidean space), the above equation motion (of Ai) leads to the following
evolution equation:
A′′i +
4 ijl
M2
(
a′′′
a3
− 3a
′′a′
a4
)
∂jAl − ∂j∂jAi = 0 (10)
Note that the above equation differs from other models in the literature by an overall factor
in the term with ijl∂jAl, especially, the third derivative of the scale factor. Thus, the model
can lead to different evolution of the fluctuations in comparison to non-minimally coupled
scalar field models.
In this work, we consider two inflationary scenarios — power-law inflation and the slow-
roll inflation — to evaluate the power-spectrum of the electromagnetic fluctuations. For
power law inflation the scale factor (in cosmic time) is given by a(t) = a0t
p where p > 1 and
a0 is arbitrary constant. In the conformal time, the scale factor is [38]:
a(η) =
(
− η
η0
)(β+1)
(11)
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where η0 is an arbitrary constant and denotes the scale of inflation. During inflation, η ∈
(−∞, 0). β and η0 are given by:
β = −
(
2p− 1
p− 1
)
and η0 =
[
(p− 1)a1/p0
]−1
. (12)
Note that β ≤ −2 and β = −2 corresponds to the de Sitter. The Hubble parameter
(H ≡ a′(η)/a(η)) is given by:
H =
a′
a
=
β + 1
η
=⇒ η = β + 1
H
(13)
Slow-roll inflation is a generic inflationary paradigm that leads to an accelerated expansion
independent of a particular model (or potential). In this case, we have
β ≈ −2− , H ≈ −1 + 
η
(14)
where  is the slow roll parameter.
A. Physical quantities of interest
Although, the four-vector potential Aµ provides the covariant description of the elec-
tromagnetic processes, to compare with observations, we need to decompose the physical
quantities in terms of the electric and magnetic fields, that are intrinsically frame-dependent.
Hence, it is always useful to define a comoving observer with velocity uµ = (1/a(η), 0, 0, 0)
satisfying uµu
µ = 1. The electric and magnetic field four-vector for this observer is given by
projecting the EM field tensor with uµ as
Eµ = u
αFαµ, Bµ =
1
2
uγ Fαβγαβµ = u
αF˜αµ. (15)
Note that the electric and magnetic field four-vectors are both three-vector fields in a sense
that they are orthogonal to the comoving observer, i.e., Eµu
µ = 0 = Bµu
µ, and we have:
Eµ = a(η) (0,E) , Bµ = a(η) (0,B) (16)
where
E =
A′i
a2(η)
, B = − 1
a2(η)
ijk ∂iAj .
Electromagnetic energy densities are defined as
ρB ≡ −1
2
BµB
µ =
1
2
B ·B, ρE ≡ −1
2
EµE
µ =
1
2
E · E. (17)
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and the magnetic helicity density is
ρh ≡ −AµBµ. (18)
We will evaluate these quantities for the quantum fluctuations generated during inflation.
B. Quantization in the Helicity basis
In this section, we briefly discuss the evolution of the quantum fluctuations of the elec-
tromagnetic field in the helicity basis [29]. Decomposition of the vector potential in Fourier
space, we have:
Ai(~x, η) =
∫
d3k
(2pi)3
∑
λ=1,2
εiλ
[
Aλ(k, η)bλ(~k)e
ik·x + A∗λ(k, η)b
†
λ(
~k)e−ik·x
]
(19)
where b(k) and b†(k) are the annihilation and creation operators respectively for a given
comoving mode k, and εiλ is the orthogonal basis vector which in right-handed coordinate
system [29] is given by
εµ =
(
1
a
,0
)
, εµ =
(
0,
εˆiλ
a
)
, εµ3 =
(
0,
kˆ
a
)
for λ = 1, 2 , (20)
3-vectors εˆiλ are unit vectors orthogonal to kˆ and to each other. Substituting Eq. (20) in
Eq. (19 ) and defining the new variable A¯λ = a(η)Aλ(k, η), we have:
Ai(x, η) =
∫
d3k
(2pi)3
∑
λ=1,2
εˆiλ
[
A¯λbλ(k)e
ik·x + A¯∗λb
†
λ(
~k)e−ik·x
]
. (21)
Substituting Eq. (21) in Eq. (10), we get:∑
λ=1,2
bλ
[
εˆiλA¯
′′
λ +
4i
M2
ijlkj εˆl λA¯λ
(
a′′′
a3
− 3a
′′a′
a4
)
+ k2εˆiλA¯λ
]
= 0 (22)
where we have used ∂j∂j = −k2.
Since the action (1) contains parity breaking term (helicity term), it is always useful to
work in the helicity basis. The helicity basis vectors ε+ and ε− corresponding to h = +1
and h = −1 are defined as
ε± =
1√
2
(εˆ1 ± iεˆ2) . (23)
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Assuming that the wave propagates in the z−direction, the vector potential in the helicity
basis is given by:
A¯ = A¯1εˆ1 + A¯2εˆ2 = A+ε+ + A−ε− (24)
where A+(A−) refer to the vector potential with positive (negative) helicity. The ground
state in the helicity basis is defined as
bh(k)|0〉 = 0 (25)
and commutation relation are:[
bh(k), b
†
h′(q)
]
= (2pi)3 δ3(k− q) δhh′ (26)
[bh(k), bh′(q)] = 0 =
[
b†h(k), b
†
h′(q)
]
. (27)
Rewriting (22) in the Helicity basis and replacing ijl∂jAl −→ −k
∑
h=±1 hAhεh, we have:
A′′h +
[
k2 − 4kh
M2
Γ(η)
]
Ah = 0 , (28)
where,
Γ(η) =
a′′′
a2
− 3a
′′a′
a4
=
1
a2
(
H ′′ − 2H 3) . (29)
We would like to stress the following points regarding the above expression: First, unlike
the scalar or tensor perturbations, the mode functions contain third-order derivatives of
the scale factor. This implies that the spectrum of perturbations may be different in our
model. Second, since the perturbations equations contain second-order derivatives of H ,
the helicity modes will be different for inflation and bounce models [39]. Third, since h takes
two values, Ah evolves differently for the two modes leading to non-zero helicity.
The EM energy densities of the ground state with respect to the comoving observer are:
ρB (η, k) ≡ −1
2
〈0|BiBi|0〉 =
∫
dk
k
dρB
dlnk
=
∫
dk
k
1
(2pi)2
k5
a4
( |A+ (η, k)|2 + |A− (η, k) |2)
(30)
ρE (η, k) ≡ −1
2
〈0|EiEi|0〉 =
∫
dk
k
dρE
dlnk
=
∫
dk
k
1
(2pi)2
k3
a4
( ∣∣A′+ (η, k)∣∣2 + ∣∣A′− (η, k)∣∣2 )
(31)
and the ground state helicity density as
ρh (η, k) ≡ −〈0|AiBi|0〉 =
∫
dk
k
dρh
dlnk
=
∫
dk
k
1
2pi2
k4
a3
( |A+ (η, k)|2 − |A− (η, k)|2 ) . (32)
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where dρΥ/d(ln k) for Υ ∈ {E,B, h} is the spectral energy contained in logarithmic inter-
val in k−space. Note that the helicity density is the difference between the two helicity
spectrum. Hence, it is possible to maximize the magnetic helicity density, if one helicity is
enhanced and the other helicity is suppressed [17]. For most of the calculation, we will keep
both the terms and evaluate the energy density for both helicity modes.
III. HELICAL MAGNETIC FIELD GENERATION
In this section, we explicitly calculate the power-spectrum and energy densities for our
model in power-law inflation. We obtain the power-spectrum in the slow-roll limit.
Substituting the power-law scale factor (11) in Eq.(28) leads to:
A′′h +
[
k2 − 8kh
M2
β(β + 1)(β + 2)
η30
(−η0
η
)(2β+5)]
Ah = 0 (33)
As expected, for de-sitter case (β = −2), the helicity term (Γ(η)) vanishes. This is consistent
with the fact that the de Sitter symmetry will not be preserved in the presence of helicity
terms. However, it will be non-zero for the approximately de-sitter universe i.e., β = −2− .
For the power-law inflation model, the scalar and tensor perturbations can be evaluated
exactly. However, as can be seen, it is not possible to obtain an exact expression. To obtain
the solution, we consider two regions. In Region I (sub-horizon limit), the wavelength of the
mode is smaller than the Hubble radius, i. e., H  k. In this region, we can neglect Γ(η)
in Eq. (33). In Region II (super-Horizon scales), the mode is outside the Hubble radius
i. e., k  H. In this region, we can neglect k2 in Eq. (33). The constants are fixed by
matching Ah and A
′
h at the transition time between regions I and II at η∗. While evaluating
the mode-functions is trivial in Region I, it is highly non-trivial in Region II. In the rest of
this section, we obtain the mode functions and calculate the power-spectrum.
In Region I (|−kη|  1), Eq. (33) simplifies to:
A′′h + k
2Ah ≈ 0 (34)
and assuming that the quantum field is in the vacuum state at asymptotic past (Bunch-
Davies vacuum state), we have:
Ah =
1√
k
e−ikη (35)
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In Region II (|−kη|  1), Eq. (33) becomes:
A′′h + hk
ς2
η2
(−η0
η
)2α
Ah = 0 (36)
where
ς2 ≡ − 1
M2 η0
(2α− 3)(2α− 1)(2α + 1) , α = β + 3
2
(37)
α makes the expressions look tidier! Note that α = −1
2
corresponds to de-sitter and α ≤ −1
2
.
As mentioned above, unlike in the scalar and tensor perturbations during inflation, the
above equation is not exactly solvable. To do this, we introduce a new dimensionless variable
τ , and is defined as:
τ =
(
−η0
η
)α
=⇒ η = − η0
τ
1
α
. (38)
Note that τ is directly proportional to η and is a positive definite quantity (0 < τ < ∞).
[At the start of inflation, τ is large and vanishes at the end of inflation.] In terms of τ , the
scale factor for the power-law inflation (11) is
a(τ) =
(
1
τ
)1− 1
2α
.
Rewriting Eq. (36) in terms of τ (38), we have:
α2
d2Ah
dτ 2
+
α(α + 1)
τ
dAh
dτ
+ h k ς2Ah = 0 (39)
The above equation is a Bessel differential equation, and it has a complete solution as
A+(τ, k) = τ
− 1
2α J 1
2α
(
ς
√
k
α
τ
)
C1 + τ
− 1
2α Y 1
2α
(
ς
√
k
α
τ
)
C2 (40a)
A−(τ, k) = τ−
1
2α J 1
2α
(
−iς
√
k
α
τ
)
C3 + τ
− 1
2α Y 1
2α
(
−i ς
√
k
α
τ
)
C4 (40b)
where C1, C2, C3, C4 are arbitrary constants of dimension L
1/2. As mentioned above, for
the two helicity modes, we fix the constants C1, C2 (C3, C4) by matching Ah and A
′
h at the
transition time between between regions I and II at k∗ ∼ η−1∗ where ∗ refers to the quantities
evaluated at the horizon-exit.
Although the analysis can be done for any general value of α, to keep the calculations
tractable, we obtain the constants for α = −1. There are two reasons for this choice: First,
in this special case, τ ∝ η and the super-horizon modes can be written in terms of η using the
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linear relation. Second, the constants C1, C2, C3, C4 have a weak dependence of α and, hence,
finding the value for a given value of α will be accurate within a order. Thus, matching he
solutions and the derivatives at the horizon-exit, we get:
C1 = −ei
√
piη0
2
(
1√
Θ
sinΘ + i
√
Θ cosΘ
)
, C2 = −i ei
√
piη0
2
(
1√
Θ
cosΘ− i
√
Θ sinΘ
)
(41)
C3 = e
i
√
piη0
2
(
1√
iΘ
sinhΘ +
√
iΘ coshΘ
)
, C4 = −i ei
√
piη0
2
(
1√
iΘ
coshΘ +
√
iΘ sinhΘ
)
.
where Θ =
√
15η∗
M2η30
is the dimensionless constant.
To obtain the dominating helicity mode during inflation, we need to obtain the values of
the coefficients C1, C2, C3, C4. To obtain these values, we take: H ∼ η0−1 ∼ 1014GeV ∼
1052Mpc−1, and M ∼ 1017GeV [38]. This gives Θ ∼ 10−3 which is small value. Approxi-
mating trigonometric functions in Eq. (41), we obtain
|C1| ≈ |C3| ≈ 10−17/2GeV− 12 , and |C2| ≈ |C4| ≈ 10−11/2GeV− 12 . (42)
Using these values in Eqs. (40a, 40b), we have plotted the two modes for α = −0.53 and
α = −1 in Fig. 1. The plots show that the positive helicity modes are growing compared to
the negative helicity modes. Specifically, from Fig.1(b), we see that negative helicity mode
is decaying. (For α = −1 we have τ ∝ −η which means negative mode is decaying from
−∞ to zero in conformal time). Hence, we can set |A−(τ, k)| = 0. The helicity density (32)
is the difference between the two helicity spectrum, and maximum helicity is achieved if one
helicity is enhanced compared to other. In our case, the negative helicity mode is negligible
and, has been set to zero.
Using the series expansion of the Bessel functions (see appendix A for details), in the
leading order, positive helicity mode (40a), takes the following form:
A+(τ, k) = C k
1
4α − C2F
−1
pi
Γ
(
1
2α
)
k−
1
4α τ−
1
α (43)
where C,F are constants defined in Appendix (A). The value of these constants are eval-
uated using (42). Note that ς ≈ 10−10GeV−1/2 the floor function F (τ) = 1. Fig. (Fig. 2)
contains the plot of Floor function for the range of parameters used in evaluated (42). Also,
|F | ∼ 10− 5α GeV−1/4α, and |C| ∼ 10− 5α− 112 .
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FIG. 1. Figure showing the behaviour of positive and negative helicity mode for 1(a) α = −0.53
and 1(b) α = −1. τ˜ = 10− 632 τ and the vertical axis is in GeV−1/2.
A. Energy densities, power spectrum, and backreaction
Substituting Eq. (43) in the relation (30), the spectral magnetic energy density is given
by:
dρB
dlnk
=
1
(2pi)2
k5
a4
(
|C|2 k 12α +
∣∣∣∣C2F−1pi Γ
(
1
2α
)∣∣∣∣2 (k τ 4)− 12α
)
. (44)
Thus, the magnetic energy density is:
ρB =
∫ H
H
100
dk
k
dρB
dlnk
=
1
(2pi)2 a4
[
|C|2 H
5+ 1
2α
5 + 1
2α
+
∣∣∣∣C2F−1pi Γ
(
1
2α
)∣∣∣∣2 τ− 2αH 5− 12α5− 1
2α
]
(45)
where we have used H 5+
1
2α − ( H
100
)5+ 1
2α ≈ H 5+ 12α . Spectral energy density at the exit of
inflation can be obtained by using the expression for τ at the horizon exit i.e.
τ∗ =
(
− 2 η0k∗
2α− 1
)α
, (46)
which on substituting in Eq. (45) leads to:
ρB|k∗∼H =
(−η0)4α−2
(2pi)2
[
|C|2 k
3+4α+ 1
2α∗
5 + 1
2α
+
∣∣∣∣C2F−1pi Γ
(
1
2α
)∣∣∣∣2 (2α− 1)24η20 k
1+4α− 1
2α∗
5− 1
2α
]
(47)
Let us understand the properties of the energy density obtained above: First, the energy
density has two branches. The first branch (setting C2 = 0) has scale-invariant spectrum for
α = −1
2
,−1
4
. Similarly, the second branch (setting C = 0) has scale invariant spectrum for
13
α = −1
2
, 1
4
. Note that the physically allowed values of α ≤ −1/2. Hence, α = ±1/4 is ruled
out. Thus, the two branches has scale-invariant power-specrum for exact de Sitter (α = −1
2
).
Second, for slow-roll type of inflation α = −1
2
− , the two branches scale differently — k−2∗
(first branch) and k−6∗ (second branch). Since  is positive, this implies that our model
produces more power on the large scales. Thus, our model predicts a red spectrum for the
helical modes for slow roll inflation. In the next subsection, we compare the results of our
model with other models.
Using the fact that at super-horizon scales, we can approximate ∂η ∼H (see, for instance,
Ref. [40]), the spectral electric energy density at horizon exit is given by:
ρE|k∗∼H =
(−η0)4α−2
(2pi)2
[
|C|2 k
3+4α+ 1
2α∗
3 + 1
2α
+
∣∣∣∣C2F−1pi Γ
(
1
2α
)∣∣∣∣2 (2α− 1)24η20 k
1+4α− 1
2α∗
3− 1
2α
]
. (48)
Thus, using the above two expressions, the total energy density at horizon exit is given by
(ρB + ρE)|k∗∼H = ρ
(1)
T + ρ
(2)
T (49)
where
ρ
(1)
T =
(−η0)4α−2
(2pi)2
|C|2 4α(8α + 1)
(10α + 1)(6α + 1)
k
3+α+ 1
2α∗ (50)
ρ
(2)
T =
(−η0)4α−4
(2pi)2
|C2|2
∣∣∣∣F−1pi Γ
(
1
2α
)∣∣∣∣2 4α(8α− 1)(2α− 1)2(10α− 1)(6α− 1) k1+4α− 12α∗ (51)
Since the power-spectrum is red-titled, the power in the long wavelengths is more than in
the short wavelengths. Thus, there is a possibility that these helical modes can backreact
on the metric. Since the effect is cumulative, all fluctuation modes contribute to the change
in the background geometry. Consequently, the backreaction effect can be large, even if the
amplitude of the fluctuation spectrum is small. To identify whether these modes lead to
backreaction on the metric, we define R, which is the ratio of the total energy density of the
fluctuations and background energy density during inflation [41]:
R =
(ρB + ρE)|k∗∼H
6M2PH
2
. (52)
Using MP = 10
19GeV and H = 1015 GeV, the background energy density during inflation
(M2PH
2) is 1068 GeV4. The table below contains estimates of the total energy density at the
horizon exit for different values of α. We see from the above table that for varied values of
α, R  1, implying that the backreaction of the helical modes on the background metric
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α ρ
(1)
T (in GeV
4) ρ
(2)
T (in GeV
4) Total (in GeV4) R
−12 −  ∼ 1064 ∼ 1052 ∼ 1064 ∼ 10−4
−34 ∼ 1062 ∼ 1054 ∼ 1062 ∼ 10−6
−1 ∼ 1061 ∼ 1055 ∼ 1061 ∼ 10−7
−3 ∼ 1059 ∼ 1057 ∼ 1059 ∼ 10−9
TABLE I. The total energy density at the exit of inflation for different values of α. To estimate
ρ
(1)
T and ρ
(2)
T , we take: H ∼ η0−1 ∼ 1014 GeV ∼ 1052 Mpc−1, and M ∼ 1017 GeV.
during inflation is negligible. The ratio R is maximum (10−4) for slow-roll inflation. Thus,
while our model produces helical magnetic fields with more power at large length-scales, the
backreaction of these on the metric is negligible, and these modes do not stop inflation.
Although spectral helicity density can not be directly measured, for completeness, we
give the expression for the spectral helicity density:
dρh
dlnk
=
1
2pi2
k4
a3
(
|C(τ)|2 k 12α +
∣∣∣∣C2F (τ)−1pi Γ
(
1
2α
)∣∣∣∣2 (k τ 4)− 12α
)
. (53)
B. Comparison of our model with scalar-field (f2(φ)FF˜ ) coupling models
Often in the literature, the breaking of conformal invariance of the electromagnetic action
is through the non-minimal coupling of the electromagnetic field (f 2(φ)FF˜ ) with scalar field
(possibly inflaton). For a suitable choice of the coupling parameters, it has been shown that
a sufficient amount of large-scale magnetic fields can be generated [13, 24, 25, 29–32].
In contrast, our model does not rely on the fine-tuning of the extra coupling parameter to
the electromagnetic field and depends on the background quantities through the Riemann
tensor. Due to this, the mode functions (28) contain higher derivatives of H compared to
scalar field coupled models. In Appendix B, we use a naive approximation of our model for
power-law and slow-roll inflation, which effectively ignores higher-derivatives of H . Under
this approximation, we show that the model leads to a blue-tilt spectrum. Thus, the presence
of a higher-derivative of H leads to the red-tilt. This is an important difference between
our model compared to scalar-field coupled models.
To further understand this, we define the overall coupling function in our model by a
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dimensionless coupling function:
I =
Rµν
σγ
M2
(54)
In the flat FRW line-element, Riemann tensor Rµν
σγ ∼ a′2
a4
and ∼ a′′
a3
. Let us now compare
our model with the two specific forms of scalar-field coupled models [29, 40].
In our model, for power-law inflation, the coupling function I is
I ∼ a
′2
M2a4
(
or
a′′
M2a3
)
∝ 1
η2β+4
∝ ηδ (δ > 0) (55)
As mentioned above, for the scalar field coupled models, many authors have used different
forms of f 2(φ):
f1(φ) ∝ e
φ
mP ; f2(φ) ∝ a2 (56)
Note that f1 was used in Ref. [40] while f2 was used in Ref. [29] . In both the cases, the
coupling function is of the form:
f(φ(η)) ∝ 1
ησ
(σ > 0) (57)
We want to make the following remarks regarding the two coupling forms (55) and (57):
First, the functional form of the coupling function in our case is different compared to the
scalar field coupling models. Since η is large at early times, the Riemann coupling term
contributes significantly at early times, and hence, the modes that leave the horizon at early
times will have large helicity. In the scalar field coupled models, the modes generated at
early times will not have significant helicity modes. In contrast, the modes generated close to
the end of inflation will have significant helicity. This provides a qualitative understanding
of the red-tilt power-spectrum in our case. Second, since most of the helical modes are
generated at early times, unlike in Ref. [29], the generated helical fields are not sensitive
to the reheating dynamics. Thus, the helical modes generated evolve similar to the scalar
and tensor perturbations generated during inflation. Today’s observable scales (in the CMB
and LSS) span roughly three orders in the comoving wavenumber k. The largest observable
wavelength λmax, associated with the wavenumber kmax, corresponds to the horizon radius.
For a model with 60 e-foldings of inflation, the observable cosmological wavelengths exit the
Hubble radius around 30 e-foldings before the end of inflation. This will also apply to the
helical modes generated in our model. Third, the total energy density of the helical fields
in our model is larger compared to the scalar-field coupled models. Specifically, the energy
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density of the helical fields in our model is at least of an order of magnitude larger than for
the coupling function f2(φ) in Ref. [29]. However, as shown in the previous subsection, our
model is free from the backreaction problem for a range of scale-factor during inflation.
C. Estimating the strength of the helical magnetic fields
As mentioned above, the model generates helical fields around 30 e-folding before the
end of inflation. To estimate the current value of the helical fields, we assume instanta-
neous reheating, and the Universe becomes radiation dominated after inflation. Due to flux
conservation, the magnetic energy density will decay as 1/a4, i. e.:
ρB(0) = ρ
(f)
B
(
af
a0
)4
where a0 is the present day scale-factor, ρ
(f)
B and af refer to the magnetic energy density
and the scale-factor at the end of inflation, respectively. Using the entropy conservation i.e.,
g T 3 a3 = constant where g refers to the effective relativistic degrees of freedom and T is the
temperature of the relativistic fluid, we get a0/af ≈ 1030 (Hf/10−5MPl)1/2 [18].
Using the fact that the relevant modes exited Hubble radius around 30 e-foldings of
inflation, with energy density ρB ≈ 1064GeV4, the primordial helical fields at GPc scales is:
B0 ≈ 10−20G (58)
where we have used 1G = 1.95 × 10−20GeV2 and Hf = 10−5MPl is the Hubble parameter
during inflation. Our model predicts the following primordial helical fields that re-entered
the horizon at two different epochs:
B|50 MPc ∼ 10−18 G (z ∼ 20) ; B|1 MPc ∼ 10−14 G (z ∼ 1000) .
Thus, the model generates sufficient primordial helical magnetic fields at all observable
scales.
IV. CONCLUSIONS AND DISCUSSIONS
We have suggested a viable scenario for the generation of helical magnetic fields during
inflation, which does not require coupling to the scalar field. The generation of the helical
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fields is due to the coupling of the electromagnetic fields with the Riemann tensor. To our
knowledge, Riemann tensor coupling has not been discussed in the literature to generate
helical fields.
The model has many key features: First, it does not require the coupling of the electro-
magnetic field with the scalar field. Hence, there are no extra degrees of freedom and will
not lead to a strong-coupling problem. Second, the conformal invariance is broken due to
the coupling to the Riemann tensor. Since the curvature is large in the early Universe, the
coupling term will introduce non-trivial corrections to the electromagnetic action. However,
at late-times, the new term will not contribute, and the theory is identical to standard elec-
trodynamics. Third, the power spectrum of the helical fields generated has a slight red-tilt
for slow-roll inflation. This is different compared to the scalar field coupled models where
the power-spectrum has a blue-tilt. We have also identified the reason for this difference.
Fourth, our model is free from backreaction for a range of scale-factor during inflation. This
is different from other models where a specific form of coupling function is chosen to avoid
any back-reaction [29].
In this work, we did not discuss the generation of non-helical magnetic fields. The gen-
eration of the non-helical magnetic field with Riemann coupling has been discussed in the
seminal paper by Turner and Widrow [20]. An analysis including parity preserving term can
be done straightforwardly, and we can obtain total energy density of the non-helical (ρB)
and helical energy density (ρH). As shown recently, the two energy densities must satisfy
the realizability condition [42], i. e., ρH ≤ 2 ξMρB, where ξM is the magnetic correlation
length. Assuming that the non-helical and helical power spectra are a power-law:
PB = ABk
nB , PH = AHk
nH ,
for maximal helicity, it was shown that the helical magnetic fields must have red-tilt. More
specifically, for the WMAP nine-year data, using the cross power-spectrum between the
temperature and B-mode polarization they set 95% confidence level upper limit on the
helicity amplitude to be 10nG2 Gpc for the helical spectral index nH = −1.9 and for a
cosmological magnetic field with effective field strength of 3 nG and nB = −2.9. PLANCK
2015 data placed constraints on the strength for causally generated magnetic fields with
spectral index nB = 2 and fields with almost scale-invariant spectrum with nB = −2.9 are
B1Mpc < .011 nG and B1Mpc < 0.9 nG at 95% confidence level [43]. Thus, the PLANCK
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2015 data also prefers nH to be negative. With better B-mode polarization measurements,
helicity modes can be better constrained and put our model’s prediction to test with the
CMB data. We hope to address this soon.
The perturbations equations (10) contain second-order derivatives of H . Since, H ,
and H ′′ are different for inflation and bounce models [39], the helicity modes may provide
signatures to distinguish the two paradigms. This is currently under investigation.
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Appendix A: Series expansion of the Bessel function
For completeness, in this appendix, we obtain the series expansion of the Bessel functions
to the leading order terms [44]. It is useful to define the following quantity:
F (τ) = exp
ipi
α
pi − arg(τ)− arg
(√
k ς
α
)
2pi
 (A1)
where b· · · c represents the floor function. Up to leading order, the series expansion for the
Bessel functions are:
J 1
2α
(
ς
√
k
α
τ
)
=
F (τ)
Γ
(
1 + 1
2α
) (ς√k
2α
) 1
2α
τ
1
2α
(
1− ς
2kτ 2
2α(1 + 2α)
+O
(
τ 3
))
, (A2)
Y 1
2α
(
ς
√
k
α
τ
)
=
F (τ)
pi
(
ς
√
k
2α
) 1
2α
Γ
(
− 1
2α
)
cos
( pi
2α
)(
−τ 12α + k ς
2 τ 2+
1
2α
2α(1 + 2α)
+ O
(
τ 3
))
+
F (τ)−1
pi
(
2α
ς
√
k
) 1
2α
Γ
(
1
2α
)(
−τ− 12α + k ς
2 τ 2−
1
2α
2α(−1 + 2α) +O
(
τ 3
))
, (A3)
J 1
2α
(
−iς
√
k
α
τ
)
=
F˜ (τ)
Γ
(
1 + 1
2α
) (−i ς√k
2α
) 1
2α
τ
1
2α
(
1 +
ς2kτ 2
2α(1 + 2α)
+O
(
τ 3
))
(A4)
Y 1
2α
(
−iς
√
k
α
τ
)
= − F˜ (τ)
pi
(
−i ς
√
k
2α
) 1
2α
Γ
(
− 1
2α
)
cos
( pi
2α
)
τ
1
2α
(
1 +
kς2τ 2
2α(1 + 2α)
+ O
(
τ 3
))
19
− F˜ (τ)
−1
pi
(
− 2α
i ς
√
k
) 1
2α
Γ
(
1
2α
)
τ−
1
2α
(
1 +
k ς2 τ 2
2α(−1 + 2α) +O
(
τ 3
))
. (A5)
At leading order, the helicity modes are:
A+(τ, k) = F (τ)
(
ς
√
k
2α
) 1
2α
[
C1
Γ
(
1 + 1
2α
) − C2
pi
Γ
(
− 1
2α
)
cos
( pi
2α
)]
− C2F (τ)
−1
pi
(
2α
ς
√
k
) 1
2α
Γ
(
1
2α
)
τ−
1
α (A6)
A−(τ, k) = F˜ (τ)
(
−iς
√
k
2α
) 1
2α
[
C3
Γ
(
1 + 1
2α
) − C4
pi
Γ
(
− 1
2α
)
cos
( pi
2α
)]
− C4 F˜ (τ)
−1
pi
(
− 2α
iς
√
k
) 1
2α
Γ
(
1
2α
)
τ−
1
α (A7)
FIG. 2. Plot of the Floor function for the range of −108 < η < 108 and −50 < β < −2.
It is convenient to define the following quantities:
F (τ) = F (τ)
( ς
2α
) 1
2α
, (A8)
F˜ (τ) = F˜ (τ)
(
−i ς
2α
) 1
2α
, (A9)
C(τ) = F (τ)
( ς
2α
) 1
2α
[
C1
Γ
(
1 + 1
2α
) − C2
pi
Γ
(
− 1
2α
)
cos
( pi
2α
)]
, (A10)
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C˜(τ) = F˜ (τ)
(
−i ς
2α
) 1
2α
[
C3
Γ
(
1 + 1
2α
) − C4
pi
Γ
(
− 1
2α
)
cos
( pi
2α
)]
(A11)
Fig. 2 is the 3-D plot of the floor function for the range of values of η and β that are
consistent with generic models of inflation. As can be seen from the plot, the floor function
is zero in the range of interest. Due to this reason, we have suppressed the time dependence
in above quantities i.e., F (τ) = F , F˜ (τ) = F˜ and C(τ) = C, C˜(τ) = C˜. We have used
this in computing the energy densities in Sec. (III).
Appendix B: Power spectrum for slow-roll inflation
In Sec. (III), we obtained the power-spectrum for the helical fields in the power-law
inflation. In this section, we obtain the power-spectrum for slow-roll inflation.
To do that, we first obtain the power-spectrum for the power-law inflation by assuming
that M is slowly varying and is related to the Hubble parameter H, i. e., M ∼ H ∼H /a.
1. Power law inflation
The equation of motion (28) for power inflation (11) is:
A′′h +
[
k2 +
8hkξ
η
]
Ah = 0. (B1)
where ξ = β(β+2)
(β+1)
, solution of the above equation for super horizon modes are given by
A+(η, k) = 2
√
2kξη
[
D1J1
(
4
√
2kξη
)
+ 2iD2Y1
(
4
√
2kξη
)]
(B2)
A−(η, k) = −2
√
2kξη
[
D3I1
(
4
√
2kξη
)
+ 2D4K1
(
4
√
2kξη
)]
, (B3)
where D1, D2(D3, D4) are the arbitrary constants, we assume these are of the same order
of C1, C2(C3, C4) respectively. As was shown earlier, we can set |A−(η, k)| = 0, and positive
mode can be approximated by power series at leading order as
A+(η, k) = 8D1ξkη +D2
2i
pi
. (B4)
where we have used F (η, k) = 0 in the above eq. (B4), therefore spectral magnetic energy
density at horizon exit is given by
dρB
dlnk
∣∣∣∣
k∗η∗∼1
=
(−η0)4β+4
(2pi)2
k4β+9∗
( ∣∣∣∣8D1ξ +D2 2ipi
∣∣∣∣2
)
(B5)
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Unlike the exact calculation in Sec. (III), this approximation leads to scale invariant spec-
trum for β = −9
4
. Substituting the values of the coefficients D1 and D2 from eq.(42), we
obtain:
dρB
dlnk
∣∣∣∣
k∗η∗∼1
≈ 1059GeV4 = 103H 4 (B6)
Thus, R ∼ 10−9. This implies that the above approximation leads to a reduction in the
helical field power-spectrum. We will now use this procedure to evaluate the power-spectrum
in slow-roll inflation.
2. Slow roll inflation
The slow-roll parameter  in terms of H is defined by
 = 1− H
′
H 2
(B7)
A necessary condition for inflation is  < 1. For the leading order slow-roll, we have:
H ≈ −(1 + )
η
; H ′′ ≈ −2(1 + )
η3
; (B8)
Substituting these in Eq. (28), we have:
A′′h +
[
k2 − 16kh
η

1 + 
]
Ah ≈ 0. (B9)
Note that the above equation (B9) can also be obtained by substituting β = −2 −  in
Eq. (B1) where the expression of ξ will be ξ = − 2
1+
. Hence, the super-horizon mode
solution can be obtained by substituting ξ = − 2
1+
in eq.(B2) and (B3). Thus after setting
|A−(η, k)| = 0, spectral magnetic energy density for slow roll case will have the form
dρB
dlnk
∣∣∣∣
k∗η∗∼1
=
1
(2pi)2
k1−4∗
(−η0)4+4
( ∣∣∣∣− 161 + D1 + 2ipi D2
∣∣∣∣2
)
(B10)
Unlike the exact calculation in Sec. (III), this approximation leads to blue-tilt spectrum.
Thus, this is not a approximation to obtain power-spectrum for helical magnetic fields.
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